ABSTRACT EVOLUTION EQUATIONS(?)

BY
JEROME A. GOLDSTEIN(?)

1. Introduction. Let X be a Banach space, and let & be the collection of all
infinitesimal generators of strongly continuous contraction semigroups of bounded
linear operators on X. For 4 € &, 9(A) denotes the domain of 4 and {T(¢; 4),
t=0} denotes the semigroup generated by A. Cauchy problems for abstract
evolution equations of the form

(LY duldt = A(tu, (¢ 2 ), u(s) = f

are considered in this paper.

In case A(t) (=A4) is independent of ¢, then u(-) defined by u(t)=T(t—s; A)f is
the unique strongly continuous solution of (1.1) as long as f belongs to 2(A).

More generally, if A(¢) depends on ¢ in a suitably “smooth” manner, then
equation (1.1) can be solved for an appropriate choice of the initial data f. The
solution will be of the form u(t)=U(t, s)f. U(t, s) is a bounded linear operator
on X,

U@, s)U(s, r) = U(t, 1), uit)=1

for 0sr<s<t, and U(-, -) is strongly continuous. The operator-valued function
U(-, -) is called an evolution operator or a generalized semigroup; the latter term
will be used throughout the paper.

We now state two of the main results of the paper.

THEOREM 1.1. Let A(-): [0, 00) — £ Suppose that the operators T(s; A(t)) and
T(o; A(r)) commute for all values of t, s, 7, 0. Suppose further there is a dense linear
manifold 2 in X such that 2< 2(A(t)) for each t20 and

lljn AW = A(Df
Sor each fe & and each = 0. Let
9= N ( lim N @(A(f))}n {g: lim A(r)g = A(t)g}).

t=0 e—+0+ |t—1l<e
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Note that 9>2. Then there exists a strongly continuous contraction generalized
semigroup U(-, -) such that

@onU(t, 9)f = AU, 5)f = U, DAL,
©o5)U(1, 9)f = —U(t, A = AU, 5)f

for fe % and t2520. In particular, u(t)=U(t, s)f defines the unique solution for
(LD with |u@)| 2 f]| if fe 2.

Theorem 1.1 will be obtained as a consequence of a more general result in §3.

Let A(-): [0, 00) — #Z and consider the following conditions:

(A1) There is a dense linear manifold 2 in X such that 2<(",x+ 2(A(2)),
and for each ¢, 7€ R*, T(¢t; A(7)) leaves 2 invariant.

(A2) Let fe X, >0, and let J be a compact interval in R*; let C(f;»,J) be
the collection of all elements g of X of the form

g =T(ty; A(m1))- - - T(tn; A(Ta))f
where m is a positive integer, 7,,..., T, €J, and >, ;<. Suppose for each
fe€ 2, the map A(-)g: R* — ¥ is (strongly) continuous, the continuity being uni-
form in ge C(f, »,J); thus, given £>0 there exists a §=35(, ¢, 7, f, J)>0 such
that
[AC+hg—At)g| < e

whenever t, t+he R*, |h|<d, ge C(f,»,J). Furthermore, M(T, f, 7, J)
=sup {|4(t)g| : g€ C(fin,J), t€[0,T], teJ}<oo whenever T is a positive
real number.

THEOREM 1.2. Let A(:): [0, o) — <7 and let (A1), (A2) hold. Then the generalized
semigroup governing equation (1.1) exists. For fe @ and t 20,

Jim AT UE+R Of=f) = lim A= U@ 1=h)f-f) = AD)f,

the latter limit existing for t>0. U(t,s): D — (izo D(A(7)) if X is reflexive.
Suppose that each U(t, s) leaves 2 invariant. Then for f€ D, u(-)=U(-, s)f is the
unique solution of the Cauchy problem

@*[du(t) = AQu(t),  us) = £ Ju@] = If] ¢z 9.
§2 deals with preliminaries. Commutative generalized semigroups are treated
in §3. Theorem 1.2, the main result of this paper, is proved in §5. Several examples
are also considered. In the last section, the results are briefly compared with those of
Kato.
The writer wishes to thank the referee for his helpful comments.

2. Preliminaries. Let X be a Banach space and #(¥) the Banach algebra of
all bounded linear operators on X to X. Let D={(t, s) : 0<s=<t<oo}. A general-
ized semigroup in #(X) is a map U(-, -): D — #(X) satisfying

2.1) U, s)Uu(s, =) = U@, 7)
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whenever 0= 71<s=<t<o0, and
2.2 Ui t)y=1
for all £ e R* =[0, o), where I is the identity operator on X. U(-, -) is a strongly

continuous contraction generalized semigroup if, in addition, U(-, -)f is continuous
on D in the norm topology of X for each f€ X, and |U(t, s)| 1 for each (¢, 5) € D.

ProPOSITION 2.1. Let U(-, -) satisfy (2.1), (2.2). In order that
2.3) lim t U(r,o)f=U(, 5)f

(t,0)=(t,8);(1,0)€D, 1=

forallfe X, (t,s) € D, it is sufficient that

() lim,_,, U(u, v)f=lim,,,_ UQ, wf=ffor all fe X, ve R*; that is, U(-, v),
U(v, -) are strongly continuous at v, v € R*.

@) |U(-, )| is bounded on each compact subset of D.

Property (2.3) might be termed “right strong continuity” of U(-, -) on D.
In (2.3) and (i) the limits are to exist in the norm topology of X. Condition (2.3)
becomes strong continuity of U(-, -) on D if the requirement 7= ¢ as (7, o) — (¢, 5)
is dropped. If this strengthened version of (2.3) holds, then (i) and (ii) necessarily
follow, (ii) by the Banach-Steinhaus (Uniform Boundedness) Theorem. We point
out in advance that all generalized semigroups considered in this paper will have
the property that |U(t, s)|| = 1.

Proof of Proposition 2.1. Let (¢, s) € D be fixed but arbitrary. Let K={(r,0) € D :
rSt+1}. M=supg, qex |U(7, 0)| <o by (ii). Since the elements (7, o) of D to be
considered will approach (z, s), it may be assumed that (7, o) € K.

Case 1. t=s. Let feX. (7, 0) € K is to approach (¢, t) with r=¢. Either t<¢
or else = 0. In case ¢t = o, using (2.2),

1UCr, o)f=f|| £ |U(r, DU, 0)f = U(r, )| + | U, )f ]
S UG )| UGE af—fl+U OS]
< MU, of—f+ U@ f-f| —0
by (i) as (v, o) — (¢, ).
On the other hand, in case t<o,
1UCr, o)f=f| < |U(r, o)f=U(r, )f |+ |U(r, )f=f]
= |U(r, )lf=Ule, )| + | U(r, ) f=f]
£ M|U(o, Of=f|+]U(r, )f=f] -0
as (7, o) — (¢, s) by (i).
Case 2. t>s, 72t Either c<sor o2s. Incase 655, 6Ss<t=r, and if fe X,
1U(r, )f=U, )] = |U(r, )U(s, 0)f=U(r, )f | +|U(r, UL, 9)f = U, s)f||
< M|UGs, of—fl+ UG, H-11UGE, 9)f | -0

as (7, o) — (¢, 5) by (i).
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In case o = 5, assume o < (since o is going to approach s(<¢)). Thens<o=<t=r,
and for fe %,
1U(r, )f-UGE, s)f| £ |U(r, DU, o)f- U, o)f| + U, 0)f - U, 0)U(o, s)f||
= Jl +J2.
Now, J,=|U(t, o)[I-U(o, s)If| M| U(s, s)f—f| — 0 as (1, o) — (t, ). Next,

Ji = |[U(r, )=1]U(, o)f||
2 UG =1IUE, o)f- U, s)f1] + [ [U(r, )= T1U, 9)f |
= (M+ 1)" U(t’ 0)[1_ U(O', S)]f" + "[U(T’ t)_I]U(t’ S)f"
S MM+ 1)" U(o, s f"'f" + "[U("’ 1)-11U(, S)f" -0
as (7, 0) — (t, 5). The proposition is thus proved.

COROLLARY 2.2. Let the hypotheses of Proposition 2.1 hold, and suppose further

that
U(r,)U(t,s) = U(t, s)U(7, o)
for all (t, 5), (7, 0) € D. Then U(-, -) is strongly continuous on D.

Proof. This follows easily by similar reasoning.

Let & be the collection of all infinitesimal generators of strongly continuous
contraction semigroups in #(%). For 4 € &/ the semigroup generated by 4 will be
denoted by {T'(s; A), s€ R*} or by {exp(sAd), s€ R*}. Let 0<a<b<oo. Let
A:a=ty<t,<---<t,=bbea partition of [a, b]; choose r, € [t;_4, 1], i=1,...,n.
Let

|A] = max Ag = max (t—#_,)
15130 1Sisn
be the norm of the partition. Let A(-): R* — &, and let
Ru(b, a) = T(Ant; A(70))- - - T(Ast; A(71)).

Suppose for the moment that A(-): R* — #(¥X) is continuous in the uniform
operator topology and that {A(¢): € R*} is a commutative family of operators.
Then

UG, 5)f = exp ( f ) du), (t,5)e D

defines a generalized semigroup in #(%). In general, consider the following formal

calculation:
b n
exp {L A(u) du} ~ exp { 13% Z A7) A,t}

1 ) A(7y) A‘t}

s L

~ lim exp{
i

|A]-0

n

~ lim [] exp{AzA()}

1Al=»0 -7

X lim Ry(b, a).

lal-0
This is made precise in what follows.
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PROPOSITION 2.3. Let A(-): R* — &/ and let Ry(b, a) be as above. Suppose that
lim, 5 o Ra(b, a) f exists for all f€ X and all [a, b]< R*. If this limit is denoted by
U(b, a)f, then U(-, -) is a generalized semigroup in #(%), and

(24 Jm UG, a)f = lm U@ of =f

Jor all fe %, ae R*. Conditions (i), (ii) of Proposition 2.1 are valid, and if the
commutativity condition

2.5) T(s; AT (o5 A(7)) = T(o; A(T)T(s; A1)

holds for all s, t, o, T € R*, then U(-, -) is a commutative strongly continuous con-
traction generalized semigroup in #(%).

DerINITION. If U(b, a)f=1im|,, ..o R, f exists for all f€ X and [a, b]< R* as in the
proposition, then A(-) is called the infinitesimal propagator of U(-, -).

The main problem considered in this paper is one of generation: when is the
(unbounded) operator-valued function A(-) the infinitesimal propagator of a
generalized semigroup in #(¥)? This problem will be dealt with in the following
sections.

Ry(b, a) may be termed a “Cauchy-Peano polygonal approximation” for
U(b, a) in analogy with the classical case [1].

Proof of Proposition 2.3 If fc X and 0 < r<s<t<00, using obvious notation,

U(t’ S)U(S, 7)f = lim R\(t, 5) |A1'ilr—1;lo Ra (s, T)f

1A1-0

= lim lim R, s)Ru(s, 7)f
|A|=0 |A7]-0

= 11i|mo Ry(t, 7)f = U@, 1)f.
AV

Here A" is the partition of [t, 7] obtained by adjoining A to A’, and Ry.(t, 7)
=R,(, S)Rp(s, 7) converges strongly to U(f, 7) as |A”|=max (|A], |A’]) - 0.
Hence U(-, -) is a generalized semigroup in #(%); U(-, -) satisfies (2.1) and (2.2).
Condition (ii) of Proposition 2.1 holds since | U(b, a)|| < 1 whenever 0<a<b<o0;
this is immediate from the fact that | R,(b, a)| < 1 which follows from A(-): R —
Condition (i) of Proposition 2.1, that is, equation (2.4), will next be shown to hold.
Given e>0 there is a 8=25(c, f, a, b)>0 such that if A is any partition of [a, b]
with |A| <8, and if Ru(b, @) is a corresponding approximation for U(b, a), then
| Ra(b, a)f—U(b, a)f| <e. Let 0<K<oo; by considering [a, b] such that <K,
8 can be chosen to depend only on e, f, K independent of a, b. Then b—a<$
implies
2.6 1T®G—a; A()Nf-U®, a)f| < ¢
for each ce[a, b]. Since T(-; A(c)) is strongly continuous and T(0; A(c))=1,
taking first c=a and then c=5 in (2.6) yields

limsup [UG, a)f—f] S e, lim sup | U(h, a)f~1] < e.

Since ¢>0 is arbitrary, (2.4) is thus proved.
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In case (2.5) holds, using obvious notation,

Ut, )U(r,0) = lim lim Ru(t, S)Rad, 0)f

IA|»0 |A/|-0

= lim lim Ru(r, 9)Ra(t, )f by (2.5)

Al=0 |A7|-0
= U(T’ O)U(ta S)f

for all (r, 0), (t,s) € D, fe X. Also, U(-, -) is strongly continuous in this case by
Corollary 2.2.

3. The commutative case. Let A(-): R* — & so that for each ¢>0, A(¢) is the
infinitesimal generator of a strongly continuous contraction semigroup {T(s; 4(t)),
s€ R*} in #(X). (By the Hille-Yosida Theorem [2], [5], [13], this holds if and
only if A(¢) is a closed densely defined operator and A is in the resolvent set of A(¢)
and |AAI—A(1))7!||£1 whenever A>0, te€ R*.) The domain of A(r) will be
denoted by 2(A(t)).

Consider the following set of conditions.

(Bl) T(t; A()T(s, A(0))=T(s; A(e))T(¢; A(7)) for all 5, o, t, 7€ R*.

(B2) There is a dense linear manifold 2<X such that < (\,.z+ D(A(t)), and
for each f € 2, the limits

A(r=)f = tlim A, A(r+)f = tlim A)S
a7 —T+
exist (here A(0—)f=A(0)f), and A(r—)f=A(v+)f=A(7)f for all but a finite
number of r in any bounded subinterval of R*.

(B2)" There is a dense linear manifold 2<X such that 2<(\.z+ 2(A()),
and for each f€ 2 and each = € R*,

lim A@)f = A()f.
=1

THEOREM 3.1. Let A(-): R* — &/ and let (B1), (B2) hold. Then A(-) is the in-
finitesimal propagator of a strongly continuous contraction commutative generalized

semigroup U(-, -) in B(X). Furthermore,
(i) if 0ss=<t<oo, if

feaue+) = U N 940,
and if lim, ., A(7)f=A()f, then
hlixgl+h_l(U(t+h, )f-U@, s5)f) = AU, s)f = U(t, )AQt)f;
(i) if 0=s<t<oo, if
feoUt-= U N IUC),
and if lim,_,,_ A(7)f=A(t)f, then
lim —h~YU(t—h, s)f— UG, )f) = AU, 5)f = U(t, )AQS;

h—-0+
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(iii) if 0Ss<t<o, if f€ D(A(s+)), and if lim,_.s, A(7)f=A(s)f, then
Jm AT U s+Rf-UE 9)f) = Ut 946)f = — AU, 5)f;

(iv) if 0<s=<t<o, if fe D(A(s—)), and if lim,_,,_ A(7)f=A(s)f, then
hlirgl —h=Y (U@, s=h)f-U(t, 5)f) = —U@E, 94 f = —A®U{, s)f.
-0+
Theorem 1.1 is an immediate consequence of Theorem 3.1, so it suffices to prove

Theorem 3.1. The advantage of hypothesis (B2) is that it enables one to deal with
““ piecewise continuous’ A(-); in particular, A(-) can be the step function

A(‘) = z Aix[h.t‘+1)(')’
i=1
where 0=ty <t;<---— 00, 4;€ A
For the proof of Theorem 3.1 the following three lemmas will be useful.

LeMMA 3.2. Let X be a Banach space, and let Ty, ..., T,, Sy,..., S, € B(X) be
contractions such that UV=VU for all U, Ve{Ty,...,T,, Sy,..., S.}. Then for
each fe X,

Ty - T)f=(Si- - Sl £ ZL |7/ = Sifll.

This result is proved in Feller [3, p. 252]; it also follows from Lemma 5.2.
LeMMA 3.3. Let A, B € 4, and suppose that
T(s; A)T(t; B) = T(t; B)T(s; A)
forall s, te R*. Then, if t € R* and f€ 2(A) N 2(B),
IT@t; Af=T@; B)f|| < t|Af—Bf|.
Proof. The result is trivial for =0, so assume ¢ is positive. If f € 2(4) N 2(B),
|7 Af~T(t; BS| = 1T /n; DTS~ (T n; BYS|
< n|T(t/n; A)f—T(t/n; B)f| by Lemma 3.2
= n-@[m|(@[n)= (Tt [n; A)f=f)— (/)" *(T(t/n; B)f—f)|
— 1| 4f— Bf|

as n — 0. Since the left side of the above inequality does not depend on #, the result
follows.

The author is indebted to Professor Peter D. Lax for pointing out that a standard
trick gives the following simple and direct alternate proof':

IT; Af-10; B | = | [ § @ 7€ -5 B

" f: T(ts; AYT(t(1—s); B)(tA—tB) fdsl'
t] Af— Bf|.

IA
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LeEMMA 3.4. Let {T(t; A),te R*}, {T(t; B),t € R*} be strongly continuous semi-
groups in #(X) such that T(s; A) and T(t; B) commute for all values of s, t € R*.
Let fe D(A). Then for each s € R*, T(s; B)f € 2(A) and

AT(s; B)f = T(s; B)Af.

The obvious proof is omitted.
Proof of Theorem 3.1. Let the hypotheses of the theorem hold. Let 0<a<b< 0.
Suppose that A, A% are two partitions of [a, b]; for i=1, 2,

Ata=th<ti<---<th=b At=1=t-1i_,, tie[ti_, ]

|Af| =max, <<, Ajt. Let fe 2. For i=1, 2, set
ni
Ruf = [ ] T(At; AG)S.
ji=1

By (B1), the order in which the factors appear in the above product is irrelevant.
Let >0 be given. A 8=38(s, f; a, b) >0 will be determined such that |A!|, |A%| <8
implies || Ry1f— Ra2f|| <e. Then it will follow that U(b, a)f=1im,,,. R, f exists.
Let A® be the common refinement of A, A%; A®: g=tj <t} < -- - <15, =b, where
t3=a, and once ] has been defined, 5, , is the smallest of #1,..., 7, #3,..., 12,
which is larger than 3. For i=1, 2, Ruf can be written as

@3.1) Raf = | [ T(A%; A,
j=1

where s} is defined in the following manner: s!= 7%, where k is the unique subscript
such that i, _, <#3_, <t} =<ri. Note that the semigroup property has been used in
obtaining (3.1).

Using (3.1) and (B1) one gets

|Ratf = Rarf] = H [T 7 s~ [T 7035 Ahy “

(3.2)

I\

; IT(A%; A/~ T(A; A(sD)f| by Lemma 3.2

IIA

Z A3t AGsHf— AGDS |

by Lemma 3.3, since f€ D<(\er+ 2(A(2)). Let 7¥,...,7¥ be the points
of discontinuity of A(-)f on [a, b]. By (B2), L is finite, and given & >0 there
is a 8,>0 such that |A(s)f—A(?)f]| <&, whenever s, t€]a, b, |s—t|<3$, and
none of =¥,...,7f belongs to the closed interval between s and 7. Choose
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ey=¢/(b—a+2LM), where M=sup,<<, |A()f| <0 by (B2). Let &=
min (8,/2, &;). Then from (3.2),

IRaf—Ruzf| = 2 Aft|A(s))f—AGHS|

m
(3.3) < D Ate+3
=1

= (b-a)e1+3’
if [Al|, |A%| < 8, where 3 is the sum of all terms of the form
Ajt| 4GS~ AGDS |

where [£}_,, £]] contains one or more of the exceptional points =¥, ..., v¥*. There
are certainly no more than 2L such terms, each of which is bounded by

At-M < M8 < Me,
if |A], |A%| < 8, and in this case
| Ratf— Rasf]|| < (b—a)e; +2LMe; by (3.3) and the above
=e.
It follows from this and from |Ry| <1 and 9 =% that

Up,a)g = I}Ilgr}) R,g

exists for all g€ X, and all [, b)]<R*. By Proposition 2.3, U(-, -): D — %(%)
is a strongly continuous contraction commutative generalized semigroup with
infinitesimal propagator A(-). ,

Now let 0<s<t<oo and fe 2(4(t+)) be such that lim,.,, A(r)f=A()f.
Then, letting g=U(t, 5)f and using obvious notations, for A>0,

UG+ b, )f=U(t, 9f) = h-XU(t+h, H)g—g)
- lim [f[ T(Ad; A(r))g— 1‘[ T(A; A(t»g]

ai=0 | ¥=1
+h™H(T(h; A())g—8)
= fit+fa
Here the fact that

T(h; A(t)) = 1’1 T(6d; 40) = lim H T(Ad; A())

has been used.
Let Ry=[T7-1 T(Ast; A(7y)) be an approximation for U(t, s), and let F € 2(A(7)).
By repeated application of Lemma 3.4,

A(T)R,\F = R,A(7)F.
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Letting |A| — 0 and using the fact that A(7) is a closed operator it follows that
U(t, s)F € 2(A()), and

3.4 A(DU(t, s)F = U(t, s)A(7)F.
By (3.4), with r=¢, F=f, it follows that
lim f, = A()g = ADUE, 9f = U, 5)4@)f.

It will now be shown that lim,,_,, f; =0.

Uik = tim n=s| [T reo: aerg- T reos 4]

- i=1 i=1

< 1i|n|1 inf 4~ > At|A(r)g—A(t)g| by Lemmas 3.2, 3.3
Al i=1

<1 i -1 —

< lim inf ; A¢ sup [A(r)g—A()g]

= liminf sup |A(r)g—A(t)g]|.
|a|=0 1elt,t+h]

Using (3.4),

lA(ng—A®)gl = U A - AN = |A()f-AQ)S].
Therefore, since lim,_,,, A(7)f=A(t)f, it follows that lim,_,, f; =0. This completes
the proof that

Jim hmH U +h, )f = U1, 9)f) = ADUE 9)f = U, A0S,

The remaining three assertions of Theorem 3.1 are proved in a similar manner.
The commutativity assumption (B1) and equation (3.4) are used. The proof of the
theorem is thus completed.

If u(t)=U(, s)f, tzs, fe X, then |lu(-)| is a monotone nonincreasing function
on [s, o) since ||U(r, o)|| =1 for each (r, o) € D. This is a slightly stronger form of
the last assertion of Theorem 1.1.

In applying Theorems 3.1 and 1.1 to abstract evolution equations it is desirable
to have a criterion to determine when the commutativity relation (B1) is fulfilled.
Roughly speaking, if £=C(Q) or L?(Q), if 2, (=C*(Q) or C§Q) or CS(Q), etc.)
isdense in %, and if 4, B are differential operators having closed extensions (denoted
again by 4, B) which are infinitesimal generators, then, under suitable conditions,
ABf=BAf for all fe 9, implies (\I—A4)~* and (A\I—B)~* commute for large A,
which implies that T'(s; A) and T(¢; B) commute.

THEOREM 3.5. Let A, B be infinitesimal generators of strongly continuous semi-
groups in B(X). Let 9, be a linear manifold in X such that 2,<2D(AB) N D(BA)
and ABf=BAf for all 2,. Suppose there is a Ay>0 such that

Dy ={(M—-A)A-B)f : fe Dy}
is dense in X for each A> Ay. Then T(s; A) commutes with T(s; B) for all t, s € R*.
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Proof. The proof depends on the exponential formula
3.5 T@; Af = lim (-t~ A", [feX,
(see [5, p. 352)). Let o
D) = (ul—A)(M—B)(2D,) = (ul—A)(A[—A)~Y(D,).

Then for A, u sufficiently large, 9,, is dense in X since 9, is and (ul— A)(AI—4) 1
is an automorphism of X. The bounded operators (u/—A4)~'(A\I—B)~! and
(M[—=B)"Yul—-A)"* clearly coincide on 2,,. Hence (uIl—A)~* and (\[—B)~?
commute for A, u large enough. Hence, for fe %X, 1, s€ R*,

T(s; AT(t; B)f = lim (I—sn~'A)™™ lim (I—tn~'B)~"f

n— o

= lim (I-sn"'A)""(I—tn"'B)~"f
= lim (I—tn 'B)~"(I—sn~*4A)""f
= T(t; B)T(s; A)f.

Here we have used (3.5), the commutativity of (I—uA4)~! and (I—vB)~! for u,
v sufficiently small, and the fact that if S, T, S, Te #(X) and if S, - S, T, > T
strongly, then S, T, — ST strongly.

Let A, B be as in Theorem 3.5, and let A € p(4) N p(B), where p(T) is the resolvent
set of the operator 7. Then (A/—A)~! commutes with (Al—B)~! if and only if
(AM— A) commutes with (A/— B) on the domain

My = {(A[—A)"*(AM—-B)"f: fe X}
COROLLARY 3.6. Let A, B be infinitesimal generators of strongly continuous
semigroups in %(X). Let M, be defined as above, and suppose that ABf= BAf for all
feH = lim Ag ./{A(= U N u Jl;\).

u—> o veRY uZv A>p
Then the conclusion of Theorem 3.5 holds.

Proof. According to the remark preceding the statement of the corollary,
(AI—A)~* and (\I— B)~* commute for large enough A. The proof of Theorem 3.5
now applies.

In concluding this section the following consequence of Theorems 3.1, 1.1 can
be given.

COROLLARY 3.7. Let A(-): R* — & satisfy (B1) and (B2) (or (B2)'). Let a(+):
R* — R* be continuous. If B(t)=a(t)A(t), then B(-): R* — &, and B(-) satisfies
(B1) and (B2) (or (B2)'). Consequently the conclusions of Theorem 3.1 (or 1.1) apply
to the generalized semigroup of which B(-) is the infinitesimal propagator.

Proof. If A is an infinitesimal generator and a=0, then a4 is an infinitesimal
generator and T'(¢; ad)=T/(at; A). Since a(-) is continuous, the corollary follows
immediately.
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4. Examples. In this section Theorem 1.1 will be applied to (spatially homo-
geneous) Cauchy problems of the form

ou 2
@n = 2 a)z—— 3x ot 2 (1) o2 O u(0,x) = f(x).
i,j=1
First consider the semigroups associated with constant coefficient parabolic
equations in R". Define an operator L formally by

(Lu)(x) = En: ay; _8fu_ x)+ i b, ou (%) + cu(x).
vy 7 Ox 0x; & ox
Here x=(xy,..., x,) € R". Let X be the Banach space of bounded continuous
functions on R" that vanish at co; X is equipped with the supremum norm. Assume
that the matrix (a;;) is positive definite and that ¢ 0. Then there exists a strongly
continuous contraction semigroup {T(¢), t € R*} with infinitesimal generator A4,
such that Af=Lf for all

2 . g a2g ;< 1 m\,
feCé = {g 1 g o ax. Bx, 0%, €X,1 = i,j £ n,and g has compact support in R }
Moreover, there exists a nonnegative (Green’s) function G(-, -): R* x R®* — R*
such that

4.2) TONE) = fB JOG(E, x—y) dy

for all feX. These assertions can be proved, for example, by the parametrix
method (Friedman [4]) or by Fourier transforms. As noted above, 2(4)> CZ;
however, a complete characterization of 2(A4) does not seem to be known (Nelson

[10]).

PROPOSITION 4.1. Suppose that ay(-), b(-), ¢(-) (1=i, j<n) are continuous
Sfunctions on R* to R, that (a,(t)) is a positive definite symmetric matrix for each
te R*, and that f € CZ. Then there exists a unique (classical) solution of the Cauchy
problem (4.1) which, as a function of x for fixed t, vanishes at o, and which depends
continuously on the initial data.

Proof. Let the hypotheses of the theorem hold. It suffices to find the solution
ur on [0, T]1x R" with T>0 arbitrary. (By uniqueness, ur(f, x)=us(¢, x) whenever
0=t=<min (S, T).) As far as finding u; is concerned, the values c(¢) for ¢t>T are
irrelevant. In particular, u.(-, -) is the solution of the problem '

FoLv= 3 a0 gept 3 b Fetalo

t,7=1
(0, x) = f(x),
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where cr(t)=c(min (¢, T)). ¢7(-) is bounded above on R*, say by M. Let vy
=e~Mrty,. Then v, satisfies

a_” = (=M II+L(t), 00, x) = f(x).

More explicitly,

n

2, at) 5 a ot Z bi(®) —+(cr<z) My,

1,j=1

and c7(t)— M7 <0 for all e R*. The point of this calculation is that it may be
assumed, for convenience, that ¢(¢)<0 for all € R*.

By the remarks at the beginning of this section, the hypotheses of the theorem
and the condition ¢(z) <0 imply that for each 7 € R* there is a strongly continuous
contraction semigroup {T'(t; A(7)), t € R*} such that 2(4())> C? and A(7)=L(7)f
for all fe C2.

It will now be shown that the rest of the conditions of Theorem 1.1 are satisfied.
Take 2=C%. If fe 2,

4@ = AMF | = ILES - LS |

z |as(2) — aiy(7)] 6x 3x
+le@—c(@)| | f] -0

as t — 7 by the continuity of the coefficients. Therefore (B2)’ is satisfied. To see
that (BI) holds, let G*(-, -) be the Green’s function corresponding to {T'(¢; A(7)),
t € R*}. Then, using (4.2), whenever t, 7, 5,6 € R*, x€ Q, fe %,

I|/\

+ 3 104l ||

T(s; A@)T(1; A(D)f(x) = J; T ANNx—2)G°(z, 5) dz
4.3)

- L.. Ln Sx=z=y)G¥(y, 1)G°(z, 5) dy dz,

and similarly
(@4 TG AT AN = [ [ fx-y-26°, 960, 1 dz .

The expressions in (4.3) and (4.4) are equal by Fubini’s Theorem, therefore (B1)
holds.

By Theorem 1.1, A(-) is the infinitesimal propagator of a strongly continuous
contraction generalized semigroup U(:, -) in #(¥X). For fe 2=C2, u(t, -)=
(U(t, 0)f)(-) is the unique solution of the problem

n

D ay(t) s ax T Z b,(t)—+c(t)u,

i,/=1
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lim,_, o u(?, x)=f(x) uniformly in x € R and sup,ep |u(?, x)| S sup,ex» | f(x)| for
allt € R*. In case ¢(-) is not necessarily nonpositive, the stability condition becomes

sup |u(t, x)] £ sup eM|f(x)|
X€ERM

X€RM

where, as before, M,=max s ¢(s).
The proof of the above proposition can be modified to show that the Cauchy
problem for the equations

@ufor)(t, x) = (L(Yu)(t, x)+d(Ou(t, x+e()),
@ujar)(t, x) = (L()u)t, x)+d(?) i u(t, x +e(t))/m!

can be solved classically if the hypotheses of Proposition 4.1 hold and if d(-):
R* — Rand e(-): R* — R" are continuous.

We conclude this section by solving a higher order parabolic equation with
constant coefficients. Let Q be a bounded domain in R™ with a sufficiently smooth
boundary (of class C37~* will do). If «;,..., «, are integers between 1 and n,
set a=(ay, ..., @), || =j, and

D* = &[0x,, - - - 0Xq,
The formula

= j | D)2 dx

lel=k

defines an inner product norm on the space

Gy ={fe C™(Q) : | f]x < oo}
Let H,(Q) be the completion of G, in |- ||x, and let H(Q) be the completion in
|l of Cs°(€), the C* functions with compact support in Q.

Let A(¢), for each fixed ¢ € R*, be an elliptic operator of order 2p with constant
coefficients (see, for example, Friedman [4, Chapter 10]). By the results of Lax
and Milgram [9], there exists a real number y(¢) such that A(t) —y(t)I € &/ and

D(A) = D(AQ)—y(D)]) = Hy,(Q) N HF(Q)

independent of ¢. If the coefficients of A(¢) depend continuously on #, then y(-)
can be taken to be a continuous function of ¢.

ProPOSITION 4.2. Let L be an elliptic operator of order 2p with coefficients
depending on t but not on x; moreover, suppose the dependence of the coefficients on
t is continuous. Then the problem

u, = Lu, u(0) = f, Du(t) =0 on 0Q, |«| £ p
has a strong (i.e. L?) solution u(-) if f € Hyp,(Q) N HY(Q). u(-) depends on f continu-
ously (in norm), and u(-) satisfies the boundary conditions in the sense that

u(-): R* — H,,(Q) N HY(Q).
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The last statement follows from Lemma 5.2 which will be proved in the next
section. The rest of the proof can be patterned after that of Proposition 4.1, except
that Theorem 3.5 is used to prove the commutativity. The proof is omitted.

5. The general case. Theorem 1.2 will be proved in this section. Prior to the
proof some remarks will be made concerning the hypotheses of this theorem.
In the following section concrete examples are given to show that the conditions
(A1), (A2) are nonvacuous; these examples help illustrate the nature of (Al),
(A2).

We isolate part of the statement of Theorem 1.2 as a lemma.

LEMMA 5.1. Let the hypotheses of Theorem 1.2 hold. Then for each (t, s) € D,
Ut,s): 2 — (N 2(A(7)
1€R*
if X is reflexive.

In particular, it follows that each U(t, 5) leaves 2 invariant in case 2 =2(A(t)) is
independent of ¢. The proof of Lemma 5.1 will be presented after the proof of
Theorem 1.2.

Note that if the conditions of Theorem 1.1 hold, and if 2 =92(4(t)) is indepen-
dent of ¢, then (A2) is fulfilled. This will be proved in the next paragraph. So in
case I =9(A(t)) is independent of ¢, Theorem 1.2 is a generalization of Theorem
1.1; in case 2(A(t)) does depend on ¢, this need not be true. (In the example of the
preceding section, 2=C§ is not left invariant by each T(s; A(t)) so that (Al)
is not satisfied.)

Now suppose that 2 =2(A(t)) is independent of ¢ and that the hypotheses of
Theorem 1.1 hold. Note that in this case T(s; A(?)) leaves 2 =2(A(t)) invariant.
IffeZands, t, 7€ RY,

(.1 AT (s; A()f = T(s; A()AW)Sf
by Lemma 3.4. Let fe 9, e>0, t € R*. Then there is a §=3§(e, ¢, f) >0 such that
lA@+h)f-A@)f] < &

if t+h e R*, |h| <8.If g€ C(f, 9, J) for some choice of 3, J, then g can be written
as

g = T(ts; A(71))- - - T(t; A(T2))f,
and so if t+he R*, |h| <8,

|4 +hg—A@)g| = [{A@t+R)—AWNT(t1; A(r)- - - T(ta; A())f |
= |T(t,; A(71))- - -T(t; A(r)){A(t+B)f— A()f}]| by (5.1)
S A+ f-A@)S] < e
Also,
M(T,f,9,J) < Jnax 14@®)f] < .

Hence (A2) holds, with 8 independent of % and J.
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Some lemmas will be required for the proof of Theorem 1.2. These are generaliza-
tions of Lemmas 3.2, 3.3.

LemMA 5.2. Let Ty, ..., T,, Sy, ..., Sy be contractions in B(X). Then for each
fek,

"(Tl' : 'Tn)f_(sl' . Sn)f" = "Tnf_snf" + :Z_l "(Ti—Si)Sul‘ : 'Snf"'

Proof. The proof is by the telescoping method. Let U, =V,=1,

U =TT, Vi= Sis1- S i=1,...,n
Then

(Ty-- 'Tn)_(Sl' - Sy) = z (UTV,—USV);
i=1
hence

1T Taf =S SHfl < 2 IT=S)VSl,
i=
and the proof is complete.

LEMMA 5.3. Let A, Be & Let fe 2(4A) N D(B), and suppose that T(-; B)f:
R* — 2(A). Then

176 A7~ B 5 ) || 14— BT@s B du

where the integral is an upper Riemann integral (infimum of upper sums).

Proof. For t e R*,
76 A7-1 B = |(7(5: 4)) 7~ (1 (5 8)) 1

S 3 HTClns )= T n; BT (o= i) BY |
) by Lemma 5.2 and the semigroup property

= /w2 [T H=D= (/)
i=
“(T(t[n; BY—D}T(t(n—i)[n; B)f|.
As n— oo, the limit superior of this expression is bounded by the upper
integral (U) [* |(4—B)T(u; B)f| du. Since the left side of the above inequality
does not depend on n, the lemma follows.

Proof of Theorem 1.2. Let the hypotheses of the theorem hold. Let A, A? be
two partitions of [a, b]=R*; fori=1, 2,

A:ag=th<ti<---<th=0b, elt_,, ],
AYt = ti—1,_ Al = max Alr.
¢ j i-1 ] I 15ism )
Let

Ryt = T(Ant; A1) - - T(Ait; A1)
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First it will be shown that

6,07 = Jm R
exists for each feX. Since |R,[| <1 and 2 is dense in X, it suffices to show that

lim, 5|0 Raf exists for each fe 2. To that end, let e>0 and fe 2 be given. It
suffices to find a >0 such that

|Rarf—Ra2f|| < &

if |AY|, |A2%| <. As in the proof of Theorem 3.1, let A® be the common refinement
of A, A%;

A:g=1<B <---<1d=b;
once ¢} has been defined, £, , is the smallest of {r},..., 7}, #,..., t2,} which is

greater than 3. For i=1, 2, si=7}, where k is the unique subscript such that
th_1SB_i<ti<t. Then

Ryf = T(8at; A(sn)- - - T(Adt; AGS))S.

Therefore,

| Rarf—Ry2f I

|T(ARt; Asn))- - T(A3; AGsD)S

(5.2) —T(A%t; A(s2))- - - T(A3t; AGS2)S|

I\

m-2

I.foll + Zo KT (A% -it5 A(sm-)) —T(A% _it; A(SE - 1))} &m -4l
i=

by Lemma 5.2, where

Jo = T(A3t; A(sD)f-T(A3t; A(sD)f
and

8 = T(A;-1t; A(sk-1))- - - T(Adt; A(sD)S.

Let b<T<ow, 9=T, J=[0,T). Then g€ C(f,9,J). (Actually, n=b—a .and
J=[a, b] will do.) Since lim, 1), 3¢ [ fo| =0, there is a 8, >0 such that |f,| <e/2
if |Al|, |A%| < 8. Now, by Lemma 5.3,

KT (AR-st; A(s-))—T (A% -st; A(sh-))}gm -]

5.3 a3 _it
.3 S @ [ HAGh )~ A6 DT AGE-ga-i] .

But also T'(u; A(s3-:))gm-1 € C(f, 7, J) with the same 5 and J as above, hence by
hypothesis (A2), there is a ;>0 such that

(5.9 I{ACsh - ) — A(sZ - DIT (u; A(S3-))8m—i] < £/2(b—a)
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independent of m, i, u € [0, A} _;t], as long as |AY[, |A2?| < §,. If 8 is the smaller of
8,, 85 then |AY|, |A%| < & implies

m_3 A%t
Raf~Rotf| < ISl + 3, (V) f A - — A(s2 - T s AGB—)) g du

by (5.2) and (5.3)

m-2
3 &
<3t ;o -8 555 using (5.4)

[\STIY

+

= &.

[ ST
(ST

Hence U(b, a)=lim, .o R, exists in the strong operator topology for all
(b, @) € D. Summarizing, given ¢>0, T>0, and fe 2, there is a §=38(¢, T,f)>0
such that
(55 1U®, af—Raf| < &
whenever 0Sa<b=T and A is any partition of [a, b] such that |A| <38.

According to Proposition 2.3, U(-, -) is a generalized semigroup in Z(%).
According to Propositions 2.1 and 2.3, to show that U(-, ) is strongly continuous,
it suffices to show that

lim U(r, o)f = U(t, 8)f

(t,0)—(¢,8)3(z,0)eD, 1<t
whenever (¢, s) € D, fe X. It suffices to prove this for fe 2, since 2 is dense in X
and |U(t, s)| =1.
First consider the case when s=¢. Then o <7=<s=¢. For fe 2,
[UG, ) f=f| = |U(r, 0)f=T(r—0; A())f||
+ |T(r—0; A@)f=T(r—o; AN +|T(r—0; A@))f~S]
= J1+Jo+Js.

Clearly J;—0 as (r,0) > (¢, ¢). Also J, —0 as (r,0) — (¢, t) by (5.5), taking
Ry=T(7—0; A(0)); this corresponds to a trivial partition of [o, 7]. Finally

J, £ (U) f " I(A@@) = AD)T(u; A®)f| du by Lemma 5.3
<@ [ 14T A dut [ 1765 4@) A du
S (r=o)Mt, £, 1, [0, t) + (=) | 4@)f]| -0
as (v, 0) — (¢, t) by (A2), since T'(u; A(t))f e C(f, t, [0, t]).
Now let t>520(r<t). Let fe 2.

Ulr, o)f=Ut s)f = lim (Unf=Vaf),

where

U.f = T(’"“; A(‘r))T(T;a; A(o+n;1 (f-o)))-..T(’;"; A(a+}1(-r—a)))f,

n

Vif = T(’;—‘; A(t))- : -T(’;—s; A(s+’—ll (t—s))) £
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In fact, according to (5.5), given ¢, >0 there is a 8, >0 such that ¢/n < §, implies
N =U(m o)f| < e, [Vaf U@ 0S| < én

Therefore, to prove that
lim U(r,o0)f = U@, s)f,

(1,0)=(t,8)

it suffices to prove the following: given >0 and a positive integer n,

limsup [U,f-V.f| £ e

(1,0)>(¢,8)

Let £¢>0 be given, and let n be fixed but arbitrary.

Uf=Vfl = |T( 5% 40 TS5 (o4 (=) ) )= 1555 a0)

Adrbooo))

= ort ool oo o

IIA
[ M:

by Lemma 5.2, where each 4, is an element of C(f, ¢, [0, ¢]).

H,é“T(‘r;a,A(o+£(~r—a)))h‘— (’n“ (s+ (- s)))
+ T(’;"; A(s+’i;(t—s)))h¢—T(t%v; A(s+£(t—s)))h,
- K} K2

The semigroups {T'(u; A(v))} are strongly continuous, therefore there is a
8;=3,(e, n) such that K?<¢/2n if |s—o|+|t—7|<§,, i=1,...,n

Let ky(u)=T(u; A(s+i(t—s)/n)h;; ky(u) e C(f,1,[0,¢]) if 0Su<t. By Lemma
5.3 and the definition of k (),

{A(a‘-&-’l; (T-a)) —A(s-l#’i; (t—s))}k,(u) du

Since A(-)g is uniformly strongly continuous on the compact interval [0, ¢], the
continuity in addition being uniform in g € C(f, ¢, [0, ¢]) by (A2), there is a §,>0
such that

(1—a)in

ks |

l4we—A@)g| < &2t



178 J. A. GOLDSTEIN [July
whenever ge C(f,1,[0,¢]) and u, ve [0, 2], |lu—v|<8. If |s—o|+|t— 71| <8/2,
then

(e=5)+L {(r=1)+(s~0)

(a+£ (‘r—a))— (s+;i (t—s))

< Yo—s|+|r—1] < 220 = 3,

2
and so
{A(o + (i[n)(r — 0)) — A(s + (i[m)(t — ki) | < /2t.
Hence
Gt-ain ¢ T—0 & &
K}§L 2—tdu= — % = 37

since 0<o=<r=<t.
Combining the estimates gives

|Unf=Vafll < Z (K} KD < 2, (2—,,*27) =

i=1
if |[s—o|+|t— 7| <8=28(e, n)=min (8,/2, &y, . . ., 8,). Thus,
limsup |U.f—V.f| £ &

(1,0)-(¢,5)

as was to be shown. So the strong continuity of the generalized semigroup U(:, -)
on D is completely proved.
It will be shown that for fe 2,

(5.6) lim h-iU@+h, 0f—f) = AQ)S forall te R*,
(5.7 lim B UG, t-Bf=f) = AWS forall £ > 0.

If A is a partition of [a, b], R.(b, a) denotes an approximation of U(b, a) corre-
sponding to A, To prove (5.6), let fe 2 and t € R*. Using obvious notation,

(5.8) Uk+ht)f = Igmo RAy(t+h, t)f,
and

| Ra(t+h, t)f—T(h; A@®)S |
IT(Ant; A(ra))- - - T(Ast; A(r))f—T(Ant; AW)- - - T(Ast; AD)S|

1121 ) J'OA.f [{A(r)— A@®)IT (u; A@)T (A 4115 A@))- - -T(Ant; A())f ||du
by Lemmas 5.2, 5.3

A

IIA

> At sup {{AG) — AWYT(; AW)S] : ve [0, K], 7€ [t, t+A].
i=1
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But >7., Ait=h, and
lim sup {|[{4(r)—A(NT(0; AD)S| : v€[0, ), T [t, t+h]} = 0
by (A2). Therefore
(5.9 |Ra(t+h, )f=T(h; AWD)S| < héh),

where
&(h) = sup {[{A(1)— AEBT(v; AL)Sf]| : ve [0, h), 7 € [t, t+A]},
and lim, o, £(h)=0. Consequently,

lim sup A= (U(t+h, )f—f)— AR
< lim sup [A=*(U(t+h, 1)f—f)—h~*(T(h; A1)
+1ig Sup =X (h; A@)f—1)— A
= lim sup |A=*(U(t+h, 1)f =T (h; AN +0
= liﬁ:gp ,Ih‘l('lli_’m0 R,(t+h, t)f-T(h; A(t))f) “ by (5.8)
< lim sup |~ hé(h)| by (5.9)
= lihn_}osllp &) = 0.

Thus formula (5.6) holds.
The verification of (5.7) is similar; if fe 2 and >0,

lim sup |A=X(U(t, 1—h)f—f)— AQ)f|
< lihrgosgp lh=2(U, t—h)f—f)—h= X T(h; A®)f-1)|

+lim sup ||h=X(T(h; A()f—f)— A@)f |
= lim sup A=*|U(t, 1—h)f—T(h; A()f]+0
= lim sup h~*-sup {|[{4(1) = A(NT(v; AD)S| : 7€ [0, k), 7€ [t—h, ]}
= 0.
Now suppose that each U(b, a) leaves 2 invariant. For fe 92 and s € R*, if
u(-) = U(:, 5)f: [s, 0) > 2,
then u(s)=f, |u(®)| = |u()| < || f| whenever s<T<t<o0, and if 25,
%-:- w(t) = lim h=XU(+h, )/~ UG 91)
= hl_i& h=YU(t+h, t)-DU(, s)f = AQ)f

by (5.6), since U(t, s)f € 2.
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The uniqueness is an immediate consequence of [6, Theorem 1, p. 210]. This
completes the proof.

Proof of Lemma 5.1. Let the hypotheses of the lemma hold. Let fe &, 7€ R*.
It will now be shown that U(z, 5)f € 2(A(7)). To that end, let {A,} be a sequence
of partitions of [s, #] such that lim,_, » |A,| =0; let R,=R, (¢, s) be corresponding
approximations for U(t, s). Since each T(u; A(v)) leaves & invariant, R,f€ 9
< 9(A(7)) for each positive integer n. By assumption (A2), | A(7)R,f| is a bounded
numerical sequence since

lA(T)Raf || = sup {|4(7)g] : g€ C(f; 1, [0, 1]} < 0.
Consequently U(t, 5)f € D(A(7)) and
AU, s)f = weak lim A(7)R.f
according to the following result. "

LEMMA 5.4. Let X be reflexive. Let A be a closed densely defined operator on
D(A)<X to X. If {g,} is a weakly convergent sequence in D(A) such that || Ag,|
is bounded, then {Ag,} converges weakly to an element of 2(A) and

A(weak lim g,,) = weak lim Ag,.

n— o n— o

For proof see Kato [6, p. 214].
It is of interest to know when (d/df)u(-) exists as a two-sided derivative, when u(-)
is the solution of the Cauchy problem

(@*[du(t) = A@)u(?), u(s) = f

in the statement of Theorem 1.2. Sufficient for this is that A(-)u(-): [s, ©0) — % is
strongly continuous. To see this set

o(t) = f " A(Ou(t) de+f.

Then v is strongly continously differentiable and (d*/dt)(u(t)—v(¢))=0. Hence
u(t)=o(t) since v(s)=u(s).

The proof of Theorem 1.2 can be modified to yield a new proof of the following
classical result.

COROLLARY 5.5. Let # be a Banach algebra with identity. Let A(-): R* — % be
continuous (in the norm topology of %#). Then A(-) is the infinitesimal propagator of a
continuous generalized semigroup in &. Thus the Cauchy problem (1.1) is well posed.

The details are omitted.

6. Another example. In this section a general example will be given for which
the hypotheses of Theorem 1.2 are satisfied, but for which the conditions of Theorem
1.1 fail to hold.

(6.1) o= alt, W) b e U0, %) = £
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Let X be C[—o0, 0] with the supremum norm or L?(—c0, ), 1 <p< 0. Suppose
that the following conditions hold:

(Cl) For each teR*, a(t,-), b(t,-), axt, ), by(t, -)eX (here ay(t, x)=
(9/ox)a(t, x)).

(C2) The maps t — a(t, -), t — b(t, -) are strongly continuous on R* to X.

(C3) supieo,s [|ax(t, -)|| <00, supeio. [|b2(2, -)| <oo for each = € R*.

(C4) feD={h: h, W €%},

(C5) b(t, x)<0 for all te R*, x € R

Under these conditions the hypotheses of Theorem 1.2 are satisfied. The proof
will be given for ¥= C[—o0,0]. As was shown in §4, Assumption (C5) can be made
without any loss of generality. A preliminary result is given first.

LEMMA 6.1. Let a, b, f be continuous functions on R*, and suppose that a has a
continuous derivative. Let (-, x) be the unique solution of the ordinary differential
equation

dyldt = a(y),  y(0) = x.

Then u given by

62) utt, ) = exp { || bts, 1) ds} 01, 0)
satisfies
6.3) Z—‘tf = a(x) %+b(x)u w0, x) = (%)

forallte R*, xe R,

Proof. This result is easily proved by differentiating u given by (6.2).

Since it is not obvious that formula (6.2) gives the solution to problem (6.3), a
formal derivation of (6.2) will now be given, using a result of semigroup theory.

A theorem of Trotter [12] (see also Nelson [11]) states that if {T'(z), t€ R*},
{S(¢), te R*}, {U(t), t € R*} are semigroups with infinitesimal generators A4, B,
A+ B respectively, then

U@) = lim (S(t/mT(t/n))",
the limit being in the strong operator topology. 4=a(x)(d/dx) and B=b(x)I

(with properly assigned domains) generate, respectively, semigroups given by the
formulas

TONE) =G %),  (SO)x) = S (x).
A+ B=a(x)(d|dx)+ b(x)I generates the semigroup {U(¢), t € R*}, where

v@f = lim (SE/mT@/n),
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and u(t, x)=(U(t)f)(x) satisfies (6.3). A simple induction argument shows that

n-1 . t
(SEMT@YS) = exp {3, bt ) £ b1, ).
i=0
Letting n — oo, the representation (6.2) is obtained.
Equation (6.1) can be written as
w =AWy, u0) =1
A straightforward calculation shows that if (C1)-(C5) hold, then the formula

7(; A)g() = exp { [ 676, ) de et )

defines a strongly continuous contraction semigroup in #(%); here b*(y)="b(, y),
and 9'(-, -) is associated with a*(-)=a(r, -) as in Lemma 6.1. Moreover,
D<=PD(A(r)) for each 7 € R,

A(T)g = a(T’ ')g'+b(7a )g

for 7€ R*, g € 2; and each T(¢; A(7)) leaves @ invariant.
It remains to show that condition (A2) holds. To that end, let f€ 2, n>0, and
let J be a compact interval in R*. Let

g = T(ty; A(7))- - - T(tn; A(ma))f € C(f m, ).
Recall that = C[—o0, ©0]. Let
kn(%) = ¥'n(tws x),  m=1,...,n,
and let po(x)=0, p,(x)=k1(x), p2(x) =k1(ks(x)), and in general
Pu(x) = ka(ks(- - - (km(x))- - -))-
Note that

pi(x) = ki(x),
pa(x) = ka(ka(x)Dk3(x), . . .,
Pn(x) = kilka(- - - (kn(x))- - -))- - ki - 1(km(X))kem()-

According to a known result from the theory of ordinary differential equations
[1, pp. 22-25),

1(x) = a_ax yi(t;, X) = exp { J:‘ as(s, y"(s, x)) ds}

Hence

0 —_<__ k{(x) § et‘N(t,),
independent of x, where

N(r) = sup max (|ax(y, 7)l, [ba(y, 7))
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Set N(J)=sup {N(7) : 7€ J}; then N(J)<co by (C3). It follows that

0550 = [ Tep (GNG) 5 oxp {N(J) s t‘} < exp V().
Set

ex) = exp { f: " B, poa(%)) du}, i=1,...,n

By induction,

n

g() = [ | e(0f(pa(x)-

i=1

Therefore,

n

g0) = [ [ e)f (pa(x)pa(x)

i=1

n ¢ ,
+ 2 T e @ut0)pi-1(9- [ ity o) i
=1
where b%(-)=by(r,, -). Condition (C5) implies 0= e,(x)< 1. Also,

] f B, py -1 () du| £ LN ).

Combining all these estimates,

18| < If] exp (V) + 1] exp (VW) 12 LNQ).

Hence
lg'll = exp (NXISf |+ Nl 13-

Also, | g] = |f]; therefore

l4(®)g—A@)gl

sup |at, x)g'(x)—a(s, x)g'(x)+b(t, x)g(x)—b(s, x)g(x)|

la(@, -)—als, )|l exp (NmXLS |+ Nl f1}
+b(, -)—=b(s, ) If]-

IA

Also,
M(T, f,7,J) = sup {| A(t)g| : g C(f,n,J), te [0, T]}
< max |a(t, )| exp (NS’ |+ Nl £}

te[0,T)

t, - .
+ max [, )| 1f] <o

Therefore (A2) holds, and so by Theorem 1.2, the generalized semigroup
governing equation (6.1) and having A(-) as its infinitesimal propagator exists.
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Fors, t,0, 7€ RY,
T(t; AGHT (53 AN
= exp { [ 6076, 00 desexp { [ 6676 70, 9) daf 0765, 7 0,

and
T(s; A@)T(t; AC)SX)
= exp { [ bt de} exo {l (6 765, ) s 17 75, ),

Only in special cases will
(6.4) T(t; A(1)T(s; A(0)) = T(s; A@)NT(t; A(7)).

In fact, roughly speaking, (6.4) will hold for all s, ¢, o, 7 (i.e. condition (Bl) of §3
will hold) if and only if a, b are of the form

a(t, x) = a(t)h(x), b(t, x) = a(t)k(x)+pB(2).

7. Concluding remarks. The first fundamental contributions to nonstationary
abstract evolution equations using semigroup theory were made by Kato [6],
[7]. His basic assumptions were smoothness conditions on the operator valued
function B(s, t)=(I—A(t))(I— A(s))~*. Also, in [6], 2(A(t)) was assumed to be
independent of ¢, but a less restrictive assumption was made in [7].

Our smoothness conditions and Kato’s smoothness conditions are of a different
nature, and it is difficult to compare them. Nevertheless, a few remarks are in
order.

1t is of interest to have the domain of A(¢) vary quite generally with . Sometimes
A(t) arises as the closure of a differential operator, and 2(4(¢)) is not explicitly
known (see §4). Condition (B2)' of §3 seems to be a satisfactory condition in that
9(A(t)) can vary with 7, and the smoothness requirement on A(-) is easy to verify
in practice. On the other hand, the commutativity- hypothesis seriously restricts
the applicability of the results to concrete problems. However, in case (B1) holds,
then, as exemplified in §4, satisfactory results can be obtained.

It is, as indicated above, difficult to compare condition (A2) with Kato’s con-
ditions. Also, Kato’s methods of proof in [6], [7] are different from the methods
employed here. There are problems to which the results of this paper can be applied,
but to which Kato’s results do not apply (cf. §4); on the other hand, there exist
examples to which Kato’s theorems apply, but to which the results presented here
do not seem to be applicable.
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